(1) γ p = lim
for solutions u(·, t) of the equation (2) u t + a u x + b u u x = c u xx satisfying the Cauchy condition
that is, u(·, t) − u 0 1 → 0 as t → 0, t > 0. Here, u(·, t) p denotes the L p norm of u(·, t) as a function of x for fixed t, i.e., we have the familiar heat equation; our main concern is the case b = 0, the so-called Burgers equation [ 1 ] , [ 3 ] . Using the Hopf-Cole transformation [ 4 ] , [ 5 ] , it is well known that the solution in this case is given by (6) u(x, t) = 1 √ 4 π c t
where ϕ 0 ∈ L ∞ (R) is the Hopf-Cole transform of the initial state u 0 , i.e.,
From these expressions, we easily get that, for every 1 ≤ p ≤ ∞, one has
for some constant C > 0 which depends on the magnitude of u 0 1 , but it is not immediately evident how to compute the limits γ p above. Denoting by m the total mass of the solution, i.e.,
we will show that
being a function which depends on the parameters b, c, m above, given by
where erf (x) is the error function
and µ, h are given by
2 c |.
In the case of heat equation, i.e., b = 0, the corresponding results for γ p are given by the limiting values of the right-hand-side in (11) as b → 0, i.e.,
lim
for every 1 ≤ p ≤ ∞. This case is easier and is briefly considered in Section 2 below.
The more interesting case when b = 0 is then taken up in more detail in Section 3. It is also shown in Section 3 that, as it should be expected, the equations in the class (2) are not asymptotically equivalent to one another: if u,û are solutions of (17) u t + a u x + b u u x = c u xx and (18)û t +âû x +bûû x =ĉû xx corresponding to the same initial profile u 0 ∈ L 1 (R) with some nonzero mass, and ( a, b, c ) = (â,b,ĉ ), then, for every 1 ≤ p ≤ ∞, there exist positive constants c p , T p such that
for all t ≥ T p , so that u(·, t) −û(·, t) p decays at exactly the same speed as each term u(·, t) p , û(·, t) p on its own. §2 -The case b = 0. Before we derive the results for the Burgers equation, it will be convenient to consider briefly the simple case of heat equation. Clearly, it is sufficient to examine the case when a = 0, so that we assume in this section that
where c > 0 is constant and u 0 ∈ L 1 (R). It is well known that u(x, t) is given by
so that it satisfies, for every 1 ≤ p ≤ ∞,
A more subtle result which will be important throughout the analysis is given in the following lemma.
2 We will first show that lim
This has been shown for linear equations more general than (20) in [ 2 ] , [ 6 ] , but for convenience we will give a direct derivation below. Given ε > 0, let A > 0 be chosen such that
Letting t → ∞, we then get lim sup
where we have used that which concludes the case p = 1. Now, given 1 < p < ∞, we have, using (23),
from the previous case. Finally, we consider the case p = ∞: from (22), it readily follows that
, which gives the result from the case p = 2 already considered. 2
Using the estimates above, we can easily obtain the limits γ p for (20), (21), as shown next.
Theorem 1
Given u 0 ∈ L 1 (R), the solution u(x, t) of (20), (21) satisfies
, and (iii) lim
where
2 In fact, this can be readily established for 
In this section we extend the analysis above to the more interesting case of Burgers equation. As before, we assume without loss of generality a = 0, and let u(·, t) be the solution of the Cauchy problem
where b = 0, c > 0, and u 0 ∈ L 1 (R). Using the Hopf-Cole transformation [ 3 ] , [ 4 ] (26)
we have that ϕ(·, t) satisfies (27a)
with u(x, t) given by
It follows from this expression that
for every 1 ≤ p ≤ ∞. Moreover, when u 0 has zero mass, we readily get the following estimate from Lemma 1.
2 In fact, from (27) we see that ϕ x satisfies the conditions of Lemma 1, so that, for every 1 ≤ p ≤ ∞,
Since 1/ϕ(·, t) is uniformly bounded, the same is true of u(·, t) in view of (28). 2
Another fundamental consequence of Lemma 1 is given next.
and let u(·, t), v(·, t) be the solutions of (25) corresponding to the initial profiles u 0 , v 0 , respectively. Then, for every 1 ≤ p ≤ ∞, one has
2 Letting ϕ(·, t), ψ(·, t) be the Hopf-Cole transforms of u(·, t), v(·, t), respectively, i.e.,
, and setting ω = ϕ x −ψ x , we have that ω(·, t) has zero mass and satisfies ω t = c ω xx , so that, from Lemma 1,
Since 1/ϕ(·, t), 1/ψ(·, t) are uniformly bounded and
we get the result. 2
We are now in position to compute the limits γ p for an arbitrary u 0 in L 1 (R).
Theorem 2
Given u 0 ∈ L 1 (R), the solution u(·, t) of (25) satisfies
where 
